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Abstract. A new Lax equation is introduced for the xp hierarchy which avoids the use of
psende-differential operators, as used in the Sato approach. This Lax equation is closer to that
used in the study of the dispersionless kP hierarchy, and is obtained by replacing the Poisson
bracket with the Moyal bracket. The dispersionless limit, under which the Moyal bracket
collapses to the Poisson bracket, is particularly simple.

1. Introduction

One of the simplest nonlinear equations that can be completely solved, albeit implicitly, is
4U; —12UUx =0

the solution to which can be obtained using the method of characteriztics. This equatién
can be described in two ways, either as the dispersionless Kdv equation (i.e.- the Kdv
equation without the dispersion Uyyy term} or as the simplest example of an equation of
hydrodynamic type. This connection between dispersionless and hydrodynamic equations
- persists into the theory of (2 + 1)-dimensional systerns. The dispersionless Kp equation

{dxP) (also known as the Khokhlov—Zabolotskaya equation)

(4U, — 12UUx)x = 3Uyy
may be obtained {from the KP equation itself:

(4ue, — 1200 — Uyrx)x = Sty

via the scaling transformation

X =e¢x
Y =ey

1
T =et o

U, Y, T)=u(x,y,t)
in the limit as € — 0. The dispersionless KP equations (hereafier referred to as the dKP
equations) may be reduced to the hydrodynamic-type equation

dw

aT Aw )
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where A is an N x N matrix and w is an N-component column vector (&, which
characterizes this reduction, is an arbitrary integer). Such a reduction enables one to
construct solutions to, and study the properties of, the dKP equation by using existing results
on the theory of hydrodynamic type equations [1].

The dkP and KP equations are important examples of (2 4- 1)-dimensional integrable
systems, both having an associated Lax equation. For the KP equation (or, more generally,
for the Kp hierarchy) the Lax equation is [2]

AL
ar, = D+ 1 @)

where 9 = E’

o0
L=38+Y vlx,tat5,.. )87

n=2
and A4 denotes the projection onto the differential operator part of the pseudo-differential
operator A.. The bracket [A, B] is just the commutator of the differential operators, le.
[A,B]=AB—~BA. ) ]

The Lax equation for the dKP hierarchy is somewhat different, as it does not involve

the use of pseudo-differential operators. The Lax equation is [1]

L .
Frle {(L), £} 3)

where

o
L=\ Z Un(X,t2, 13, .. .)A._n+1
n=2
and £2. denotes the projection onto positive (and zero) powers of A in the Laurent series
2. The bracket {f, g} is just the Poisson bracket
af 9g _ 9g 8f
g === . .- o D . wo “ 4
P T @
One interesting point to notice is that, although the scaling transformation takes one
from the KP equation to the dKP equation, if one applies it to the Lax equation for the Kp
equation one does not obtain the Lax equation for the dKP equation, at Ieast not in any naive
way. This may be summarized as the failure of the following diagram to commute:

KP hierarchy S Lax equation (2)

scaling (1) |

A

dKP hierarchy — Lax equation (3).

The aim of this paper is to introduce a new Lax equation for the KP hierarchy so that the
above diagram does commute.

Ancther motivation comes from the programme o understand the structure of integrable
systems from a geometric viewpoint—sometimes loosely stated as reformulating integrable
systems as reductions of the self-dual Yang-Mills equations. The geometry of the dKP
hierarchy is understood {3] but no similar description of the KP hierarchy has so far been
found. The idea behind this paper is to reformulate the XP hierarchy in such a way as to
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be closer fo the formulation of the dkP hierarchy, the hope being that this might facilitate
the finding of this geometric description of the KP hierarchy. Thus procedures such as the
scaling of variables—including A—will be avoided as one might wish to retain the geometric
properties they have for the dKP hierarchy. In fact one will obtain the KP equation in the
form

(Aty ~ 120ty = % trys)r = 31ty

and so the dispersionless limit corresponds to x — 0. This then avoids the scaling
transformation. This will be achieved by replacing the Poisson bracket in (3) by the Moyal
bracket, and the dispersionless lirnit is the limit in which the Moyal bracket collapses to the
Poisson bracket.

2. The Moyal bracket

The Moyal bracket [4] may be thought of as a deformation of the Poisson bracket by the
introduction of higher-order derivative terms. It turns out that the Jacobi identity is highly
restrictive as to the nature of these terms, and one is lead uniquely [S] to the Moyal bracket:

=Y SO ?ch (27 @ o) )
Lt 25+ 1) A
It has all the standard properties one would expect of such a bracket:
@  {figk=-lg fk antisymumetry
G)  {af +bg. bk =alf, k) +blg, Al linearity

Gi) {f, {g Alele +{g, {# Flehe + 1B, {f, glehe =0 Jacobi identity
(where a, b are independent of x and A ). Moreover, it has the important property that

i {f, gle = (. 8} (©)

i.e. in the limit as & — 0 the bracket collapses to the Poisson bracket (4). It also has many
other interesting properties [6], amongst which is the fact that it may be written in terms of
an associative x-product defined by

Frg= Z Z( 1)»'( )aia"if)ca*-fa;{g)

s—-U
This has the pi'operty that
lim f+g = fg M
k=+0" .
and with this the Moyal bracket takes the form:

_fxg—gx*f )
(fgh =128 820
The hierarchy to be considered here is obtained by replacing the Poisson bracket in (3)
by the Moyal bracket:
ar
Bﬂa E 8
£ = { b _ ®

where

={L*x...xL);

n-terms
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and £ remains unchanged. This is equivalent to the zero-curvature relations

0B, 3By

at, 8t
Since the B; are all polynomial in A the Moyal bracket will automatically truncate after
a finite number of terms, and so cne obtains a well defined set of evolution equation for
the independent variables. These equations differ from those of the d¢KP hierarchy by a
finite nomber of «-dependent terms. From (8) and (9) one may prove a number of general
properties of the hierarchy. For example, using equations (6) and (7), as ¥ — 0 the hierarchy
reduces to the dKP hierarchy.

- +1{Ba, Buke = 0. ®

Example. With n = 2 and n = 3 equation (8} yields
By =22 +2uy
Bs = 3> +3huy + 3us
(x-dependent terms only appear in B, for n > 3), and one obtains from (9):
—3ug, +6us ;=0
2ty gy = Gttaltn x — 2 Uy 3z — 33y, = 0.
On eliminating us one obtains a single equation for u,:
(Buny, — 1202t ¢ — 4P U2 ex)x = Blhz s,
the KP equation itself. For this to agree with the KP equation obtained from (2) one has to

set k2 = %. Further, as ¥ — 0 one obtains the dKP directly without the need of the scaling
transformation (1).

The remaining question is whether the hierarchies (2) and (8) are equivalent. The
algebra of pseudo-differential operators is equivaient to the bracket

2+l g a2l 241 padntl

and this has many of the properties of the Moyal bracket. Thus the KP hierarchy may
be reformulated in terms of this bracket instead of using pseudo-differential operators
[7]. Thus the question of whether (2) and (8) are equivalent reduces to whether the
brackets {f, g}. and{f, g}:c are equivalent. That they are follows from the fact that both
are deformations of the Poisson bracket (4) and by the uniqueness of the Moyal bracket
[5]. The difference being that { 7, g}; corresponds to the standard ordering of operators and
the Moyal bracket corresponds to the Weyl ordering of operators [8]. This Weyl ordering
produces a slightly different—though equivalent—set of evolution equations, the functions
v, and u, in equations (2) and (8) are related by simple changes of variable, the first few
being (with % = —)

Uy =2
1
U3 = Uz -+ zv¥2z -
1
ug = U4+ Vax -+ ZV2,xx-

Thus both these brackets may be used to formulate the KP hierarchy and both will give
the dkP hierarchy in the limit ¥ — 0. However, the Moyal bracket does seem to have
certain advantages. It may be written as

{f.8h=D_{A g}n

n add
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The coefficients {f, g}, are known as hyperJacobians and appear in topological field theory
via the use of so-called null Lagrangians [9]. Moreover, they have very interesting
geometrical propetties. Just as the Possion bracket satifies the equation

du(x, y) Adv(x, y) = {u, vidx Ady
so the hyperJacobians satisfy
d*ulx, Yy Ad*v(x, ¥) = {4, v}, d"x A d"y

where d*x are an extension of the differential forms known as hyperforms [10]. Thus the
Moyal bracket seems to have natural geometrical properties that may be of use in a future
geometric description of the KP hierarchy.

A similar approach was studied in [11], however the formalism used there is slightly
different and the equivalence of the two different types of bracket was not shown. Also, the
& — 0 limit does not yield the dKP equation directly, not without a scaling transformation,
the avoidance of which was one of the motivations of this section.

3. The reduction to the Kdv hierarchy
The Kdv hierarchy may be obtained by imposing the constraint £ £ = B85, and the evolution
of uy is given by
852
0t2n41

= {Ban1, Ba)i

all functions being independent of the even time variables. The first couple of equations
are given below to show how the terms depend on the parameter «:

2
Uzp = K U2 xxx T 3uons x
—_ 4 2 2 15,2
Uz 5 = 106 zywxx + Sk gtz yzx + 100 U2 2l2 50 + F 2%

In the limit as ¥ — 0 one obtains the dispersionless KdV hierarchy. Other (1+41)-dimensional
" hierarchies may be obtain by imposing the appropriate constraints, as in the standard Sato
theory. '

4. The geometry of the Moyal-K¢ hierarchy

A more geometrical way to describe the dKP hierarchy, equivalent to the Lax equation (3),
is to introduce a 2-formf .

o
w() =) dB, Ads
n=1

where g,, = (L"), Le. the x — O limit of the B;. The dKp hierarchy then becomes the
following conditions on the 2-form w:

w(A) Aw(A) =0
dw (1) = 0. | (19)

i In this section it will be notationally convenient to set x = 1.



1972 I A B Strachan

These equation imply, by Probenius’ theorem, the local existence of functions P(1) and
Q(A) such that @ = dP A dQ. In fact, one such pair of fonctions is given by

PR =L
QR = D m L
n=l1
& M)

and hence:

Proposition [3]. The dispersionless KP hierarchy is governed by the exterior differential
equation

w=d4dL ndM
with
{L, M)} =1.

To discuss the geometry of the KP hierarchy it is first convenient to redefine the Moyai
bracket

{(fgle=F»g—gxf

This amounts to rescaling the time variables, so now the limit « — 0 is singular, The basic
definitions of £ and B, remains unchanged. In Sato theory the pseudo-differential operator

o]
W=1+ Zw,-a'"
n=1

plays a more fundamental role than the Lax operator L, and the evolution of W is governed
by

W

— =B, W — Wa"

3, ,
where L = WaW™! and B, = (L"),. From these equations it is straightforward to derive
the Lax equation and the zero-curvature relations. For the Moyal version of the KP hierarchy
one may similarly define a function

[==]
W=1+) wh”
n=1
governed by )
3
44 =B« W —Wxi"
at,

The Lax functions is then £ = WxAxW™! (where W~ is defined uniquely by the relations
WaxW= = W1 %W = 1), and this satisfies the Lax equation (8).
Recently, another pseudo-differential operator was introduced in [12],

o0
M= W(an,,a"-‘)w-l

n=l
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this satisfying the equations
aM
at,; - [Bﬂ! M]

[L,M]=1.

With this one may study the symmetries and other properties of the Kp hierarchy in terms
of the infinite dimensional Grassmannian manifold. Similarly, there is a Moyal version of
this operator:

M=Wax (Zntnl" 1) *W'

=zl

This satisfies the relations

oM
atu - {an M}K
{L. M) =1

This suggests that one may characterize solutions of the Moyal KP hierarchy in terms of a
Riemann-Hilbert problem in the Moyal loop group.

Another multidimensional integrable system that admits such 2 description is the anti-
self-dual Einstein equation [13]. These describe a complex 4-metric with vanishing Ricci
and anti-self-dual Wey] tensors. The metric may be written in terms of & single function £
the Kahler potential, which is governed by the equation

Q0,5 — Q50 =1
or, using the Poisson bracket (4) (with respect to ¥ and ¥ variables):

(90, =1 an
This equation (Plebanski’s first heavenly equation [14}) may also be written in the form
(10}, with
w(}) = dx Ady+A(Qez dx AdE + Ry dx AdF + Qyz dy AdE + 25 dy AdF) 4 22 dE ADF
and the additional constraint dA = 0. Once again one may show the existence of function
P(r) and Q1) with w = dP A dQ and {P(X), Q(A)} = 1, connected by Riemann-Hilbert
problems. A Moyal algebraic deformation of (11), obtained by replacing the Poisson bracket
by the Moyal bracket was infroduced in [15], and has been studied further by Takasaki {16]

and Castro [17], the former showing that it may be described in terms of a Riemann-Hilbert
problem in the corresponding Moyal loop group.

5. Comments

The Moyal bracket was first introduced in an attempt to reformulate quantum mechanics in
terms of a distribution f on phase space. From the equation
af
K— = s H
oy — W Hke
(and an auxiliary equation for f) one can derive a wavefunction

f= f ¥(x — 5, )% (x + y)exp(ipy/x) dy

which satisfies Schridinger equation [4]. Note that the use of commwutator relations is
avoided. The theory outlined in this paper is somewhat analogous; the use of a differential
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operator and commutator relations is replaced by the use of the Moyal bracket. In the
approach of Jimbo and Miwa to the KP hierarchy one starts with a collection of free
fermions, from which the r-function ig derived [18]. This suggests it may be possible
to combine this approach with Moyal’s idea of using phase-space distributions instead of
commutator relations—there is certainly much similarity between the above formula of the
wavefunction and Jimbo and Miwa’s formula of the T-function (theorem 2.1, [18]):

0= fr(x — (k"N +e(k)) exp (E(x — xN), k) dk

Perhaps the r-function will have a simple description in terms of a phase-space description.

Using the ideas developed in this paper one may reformulate the entire theory of the
KP hierarchy in terms of the Moyal bracket and »-products, thus totally aveiding the use
of pseudo-differential operators. One attraction of this approach is that it is closer in spirit
to the formulation of other multidimensional integrable systems such as the anti-self-dual
vacuum equations. For this equation the Riemann-Hilbert problem may be used to define an
associated three-dimensional complex manifold known as twistor space. Such a twistorial
description of the KP equation has been sought for many years, after the conjecture of Ward
[19] that all classical integrable systems should admit such a description. The failure to find
this has lead to the suggestion [20] that a more general version to twistor theory is needed
to encompass systems such as the KP equation. The use of the Moyal bracket in the study
of the KP hierarchy, as outlined in this paper, suggests that what might be required is some
sort of x-deformed twistor space which would make use of the Moyal bracket, rather than
the Poisson bracket as used in conventional twistor theory. This, however, remains pure
speculation.
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